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A check is made of a stabilization theorem of Rosexsrute and Krair (Phys. Fluids 8, 1004
[1965]) according to which an inhomogeneous plasma in a minimum-B field (f < 1) should be
stable with respect to electrostatic drift instabilities when the particle distribution functions satisfy
a condition given by Tavror, i. e. when fo=f(W,u) and 3f/OW < 0. Although the dispersion
relation of RosensLute and KrarL is confirmed to first order in the gyroradii and in ¢ = d In B/dr
the stabilization theorem is refuted, as also is the validity of the stability criterion used by Rosen-
srute and Krair, {(j-E) >0 for all real w. In the case wpi > | ;| equilibria are given which
satisfy the condition of Tavror and are nevertheless unstable. For instability it is necessary to have
a non-monotonic v | distribution; the instabilities involved are thus loss-cone unstable drift waves.
In the spatially homogeneous limiting case the instability persists as a pure loss cone instability
with Re[w] =0. A necessary and sufficient condition for stability is D (w=o0, k, ...) < k2 for
all k, the dispersion relation being written in the form D (w, k, K, ...) =k2+K2. In the case
wpi < | Qi| adherence to the condition given by TavLor guarantees stability.

A stabilization theorem for electrostatic drift
instabilities has been published by RosexsLuTH and
Krair!. This states that an inhomogeneous plasma
in a minimum-B field with § <1 should be stable
with respect to electrostatic drift instabilities when
the distribution functions of the ions and electron
satisfy a condition given by Tayvror 2. This condition
stipulates that the distribution functions in equili-
brium should depend only on the particle energy
and magnetic moment and that the energy distribu-
tion be monotonic, that is fo=f(W, 1) and 3f/SW
<O0.

Since it seemed to us that there were one or two
gaps in the proof of Reference 1 we made a check of
the result given there. Our calculation takes into ac-
count terms of the zeroth and first orders in
¢ = dIn B/dz and in the gyroradii. We then obtain
the same dispersion relation as in Ref. 1 because the
first-order correction terms cancel out. The disper-
sion relation is of the form D (w, k, K, ...) = k% + K2,
The stabilization theorem, on the other hand, is re-
futed, as also is the applicability of the stability cri-
terion used in ref. ! (j°E) o« Im[w D] = 0 for all
real w. For equilibria satisfying the TayrLor condi-
tion the Nyquist diagram gives a necessary and suf-
ficient condition for stability, D (w = o, k,...) < k?
for all k. In the case w,; <|£;] it is shown that
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adherence to the TayLor condition does in fact lead
to stability. In the reverse limiting case, w,; > | 2;],
equilibria can be given which satisfy the TayLor
condition and are nevertheless unstable. For instabi-
lity it is necessary to have a non-monotonic v | -distri-
bution which is automatically realized in minimum-B
fields. The instabilities involved are thus loss-cone
unstable drift waves. In the spatially homogeneous
limiting case, £¢ =0, a pure loss cone instability with
Re[w] =0 results.

1. Magnetic Field

As in Ref. 1, only a small section of a minimum-B
field is studied in which the lines of force can be
approximated by straight lines parallel to the z-axis
of a Cartesian coordinate system. If it is assumed
that the equilibrium perturbations under investiga-
tion have many wavelengths in this section, one is
justified in letting the spatial dimensions of this
simplified magnetic field tend to infinity. In particu-
lar, B is et equal to B,(0) (1 +¢z)i, with ¢=50,
and the vicinity of =0 is considered. Even with
restriction to the case § =82 p/B><1, B is not
a vacuum field for ¢ 5 0 because of its special form.
However, the MaxweLL equation crotB=4mj is
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not discussed in Ref. 1. We do not discuss the self-
consistency of the equilibrium configuration either.
The fact that a minimum-B field is involved is no
longer directly evident because of the simplified
form of B. This emerges, however, from the special
choice of the distribution functions, fo=f(W, u),
this being compatible with the assumption of a finite
plasma volume only in a minimum-B field.

2. Equilibrium

The equilibrium values are all assumed to be in-
dependent of y and z and dependent only of z. We
shall study a collisionless plasma without static elec-
tric fields. The distribution functions of the ions and
electrons obey the time-independent Viasov equa-
tion:

vy af°+ (vxB)- af“ =0; e=0.
In our calculation we use first of all solutions of the
more general form:

f0=f0(vﬁ9 vﬁ_ s Py),

Py=vy+ IQ(E) dé; Q=eB/mec.
As in Ref. 1, however, we shall confine the discus-
sion of stability to solutions of the more particular

form:
f0=f(W, lu’)’

where W = kinetic energy, # = magnetic moment.
RosensLutH and Krain! may, in our opinion, be
simplifying matters at this point by taking
2
2 .2 vl
W=st+ols w= g5
with 2 = coordinate of the particle position. With
this definition the equation f;=f cannot be satisfied.
The expression for u is in fact inexact; according

to NortHroP 3, to the first order in the gyroradius
and in ¢ = dIn B/dz it is

vl v
~31

B " BO) s+ £2(0) 2) |

M= 9(0)

Here 2, ist the z-coordinate of the guiding centre of
a gyrating particle.

3 T.G. Norturop, The Adiabatic Motion of Charged Particles,
Interscience Publishers 1963, p. 69.

4 N. A. KrarL and M. N. RosexsLuth, Phys. Fluids 8, 1488
[1965].
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It should be noted that in the zeroth order in ¢
it holds that
py=v,+£2(0) x
Accordingly, to the first order in & the magnetic

moment x is given uniquely by v% and p,, and thus
the equation fy = f can be satisfied as well.

3. Perturbations

As in Ref. 1, the perturbations studied are low-
frequency electrostatic waves, i.e. E; = —grad 9,
where E; is the electric field of the perturbation, and

d}l =(P(x) eiwt eiky eiKz;
here » is complex, k and K are real, and we assume
lo| <|Q[; [k{vp)| <[2]; [K(|v )] <[ 2];

and dp/dz— 0. Here (vp) is the mean drift velo-
city:

(vp) = *2%0 (Ui)

with £, = cyclotron frequency at the location of the
guiding centre. Various authors % 3 have shown that
such perturbations may occur as instabilities (“uni-
versal instabilities””) in the limiting case 8 < 1.

With the method of characteristics there then fol-
lows from the linearized Viasov equation,

afx . Ok e @ _% —_ 8 _afg
Lie 3x+_rr;(vXB) dv ;El v’

and from the Poisson equation,
div E1= Z4‘ﬂ€ J._f_"fl(x, v) dsv N

a dispersion relation for the perturbation (f;, E;)
at x =0 which has the following general form:

D(w,k,K,...) =k +K2

4. Dispersion Relation

In principle, the exact form of the dispersion rela-
tion is derived in the same way as in Ref. 1, but
with allowance for first-order terms in ¢ = d In B/dz.
In particular, the more exact expression for the
magnetic moment (cf. Section 2) is used. Only the
most important intermediate results are noted.

5 A. A. Ruknapze and V. P. Siun, Sov. Phys. Uspekhi 7, 209
[1964].



MINIMUM-B STABILIZATION OF ELECTROSTATIC DRIFT INSTABILITIES

By using the method of characteristics and the
constants of motion of the equilibrium, v} , v3 , p,,
we obtain first of all, as in Ref. 1, the following ex-
pression for the function D:

0
D— z?ﬂf{“jdsv [_3f+ —~iH() | dt
m v’
k' —Y) GiK(z'—2) eiwt”
with
[ f% —_ afﬂ afo ) _k—%
Bp)=r - —Kn, (avﬁ i) 200 8-

The functions y’(¢) and z’(¢) are the y and z co-
ordinates of the particle trajectories in the un-
perturbed equilibrium configuration, with the “ini-

tial” conditions

Y0 =y; 70 =z y(0)=v,; (0)=v,.
We use the approximate trajectories
r = zy— }!’}{ sin (¥ — 0, 1),
y = yo(t)+ cos(ﬂ Qy1),

Z=z+ v, t,
Yo(t) =y+vpt— —%cos’ﬂ .
0
Here £, is the value of the cyclotron frequency at
the location (zy, yy, z) of the guiding centre of a
particle; and
vp=¢1%/2 Q,

is the drift velocity perpendicular to the field direc-
tion which is caused by the field inhomogeneity.

The trajectories are correct to the first order in
¢ = dIn B/dx with the exception of terms containing
harmonics of the cyclotron frequency, i.e. all terms
of the form

[a,sin(n 24t) + b, cos(n 2y1t)]

with n = 2 were omitted in the expressions for z’
and ¥’ .

In the expression for the function D, the t-inte-
gration is carried out by using the equation

+o0
eip sing _ Z einq ]n (P) .
n=—oo

|K(Jo, )] [k

Allowing for |w], (vp)]| all

<|Q| one obtains:
dfo _H(v) ]o(k”_L/Qo)

8 me? 3
-2, jjfd Y au w+Kv,+kvp

g z en@+a) | (_ E{Zﬁ)]

n=-—oo
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We are interested in f,; as an asymptotic solution of
an initial value problem in time; consequently, the
V-integration must be carried out with Im[w] <O,
this being equivalent to unstable solutions. The
dispersion relation for stable solutions. i.e. for
Im[w] = 0 would follow in the usual way by con-
tinuing D analytically into the upper @ half-plane.

Next we integrate over ¥ in the expression for D.
For this purpose the dependence of the integrand on
¥ has to be known. The angle ¥ is defined in the v-
space by the initial conditions for the equations of
the trajectories:

vy= v cos?;
vy= v sin® +op;

2V Q0= Q,(v).

=g
The values v, £, vp may be expressed by 2, , v] ,
¥, and £2(0). The dependence of the integrand on %
is found by expanding in powers of ¢ = d In B/dx
and taking into account all terms of the zeroth or
first orders in &. The more particular form
fo=f(W, u) of the equilibrium distribution func-
tions is here utilized for the first time. The magnetic
moment u is also expanded in powers of ¢:

(= 1“0+£/u1’ po=v%/B(0) ;
M= — (v) sind +£2(0) z).

B(O) .Q(O)
When the integration over ¥ has been carried out
and all terms of the second order upwards in ¢ are
dropped the dispersion relation can be given the fol-
lowing form:

D(’w9k,K,...) =k2+K2;
DEDl(k) +D2((,U,k,K);

oo +oo
D, = Zggij-ﬂ_dﬂ_fd”n
0 -—

B, 1 ¥ _ (k“)l,

+B(0)au[ Ly Q(0) ]J’
-—wjd P(u,kK),

w+Ku

s 0
P= < 2716:‘82 J‘v_]_dvla,; ]{"(g:’ot).
0

The derivatives of f should be taken here at (W, 1),
so that p, =0, not at (W, u). The notation |, means
that the particular value

v,=u—kev?/2K 2(0)
should be substituted.
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The dispersion relation obtained is identical with
that given in Ref. 1 because all first-order correction
terms in ¢ = dIn B/dz cancel one another out.

5. Properties of the Nyquist Diagram

In the following we use the term “Nyquist dia-
gram’ to refer specifically to the mapping of the
real w-axis (w =w,), traversed in the positive direc-
tion, into the complex D-plane by means of the func-
tion D(w, k, K, ...). For the purpose of discussion
we use the equations following from Section 4:

Im[D(wy,k,K)] = —

o0

167w, 5 e g (kvi)df |,
T 2 e (M5 )5,
0

oo +o0

D) =3 l@,;,';fi j vy dv | j dv,
0

B A T/ B R Y LT N1 |

law + 5 o 100t (S50} =reas

00 + o0

D(w)=2ﬁifvldvl dv,
0 —o0

(8L L Y[y g2 (kv

<8W+ B 8#)[1 To ( Q )

D(0) —D(0) =

=real;

oo + o0
16 n2 €? ) k
-2 ":‘e—.[vldeJ‘dvn'aT;—/f( ;)J‘)
0 —o0

Here the notation |, means that
Vres = — (w1+ka)/K

should be substituted for v, . Again the derivatives
of f should be taken at (W, u,), i.e. p,=0.

With the exception of the special cases dealt with
in Section 10, the following is true: If f tends suf-
ficiently strongly towards zero for large velocities
the Nyquist diagram is a closed curve. If, in addi-
tion, Of/OW <0 there are only two zeros of
Im[D(w,)], namely for ®; =0 and ®w; = * ~. The
Nyquist diagram thus intersects the real D axis only
at the two points D(0) and D(~), D(0) being
smaller than D () except in a few special cases (cf
Section 10). See Fig. 1.

The values D(0) and D () depend neither on K
nor ¢. If k2<D (o) is valid for a particular £ it is
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[ Im (D]

stable stable
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|
Fig. 1. Nyquist diagram for 3f/3W < 0, schematic.

possible to determine a K for every real D = D, with
kK <D.<D(), D(0) <D;, so that the dispersion
relation D, = k% + K2 is satisfied, and from inversion
of the conformal mapping D (w) we obtain the cor-
responding frequency o (D;) located in the unstable
® half-plane, i.e. with Im[w] <0. The fact that
D (w) is free of singularities in the unstable @ half-
plane can easily be proved for a fairly general class
of distribution functions; cf Ref. 6 for example. For
the dispersion relation with 3f/3W <0 the following
theorems are thus valid:

Theorem 1: The modes with k =k are all stable
if, and only if, D(® = o, kg, ...) < k¢? is valid.

Theorem 2: For stability it is necessary and suf-
ficient that D(w = oo, k, ...) < k% for all real k.
In particular, D (o) < 0 is sufficient for stability.

It would thus be sufficient for stability is (cf
Section 6) not only

S _ 3
of = 3w <°
were valid, but also
3 _ df , 1 3f
3t —aw T E 3. <O

The latter condition cannot be satisfied identically in
a minimum-B field because of the existence of the
loss cone in the velocity space, but it can be in an
infinitely extended magnetic field constant along the
lines of force. For fo=f(W, 1), 3f/OW <0, a non-
monotonic v | -distribution is thus necessary for elec-
trostatic drift instabilities to occur. These are thus
loss-cone unstable drift waves.

% R. BaLescu, Statistical Mechanics of Charged Particles, In-
terscience Publishers 1963, Appendix 2.
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6. Example of an Unstable Equilibrium

We shall give now an example of an unstable
equilibrium with distribution functions of the form

fo=1(W, /4), <0

in keeping with the TayLor condition 2. From Sec--

tion 4 it follows that the transformation equations
W=vf +v3; p=py=v%/B(0);
of _ Oy . 1 ﬂ_ dfo Ofo .

dw 3w}’ B(0) du i’

fo},v3) = fo (0}, 03 , py=0)

Qv

have to be used in the evaluation of the dispersion
relation. It is therefore sufficient to study any

fo(vu , 1) with afo/avn <0.

We define
+o0
1 =
N, jfo dv,

2afFy(v)) vy dv, =1.
0

Fo(v))=

with the normalization

On integration by parts we obtain:

D() = Zw—r;llkl J‘2ﬂv_|_ dv
0

with

] 2/ (x) d]o

;s Jo=zeroth-order BesseL function.

Let us now take in particular

Fo(vy) = 5(vJ_ V1)

so that

5 ot |k] garflklV
D(°°)_Z|51m]"2( IQIL)'

For x=na, n > 1, it holds that
J¥ (x=na) ~ L(l_ _l_) N
Tx x

b 2

Accordingly, we obtain for | k| V) =n=n |2, n>1,
with Va/2 | k| V) <w,:

D(w)> - 52 >,

i. e. instability (according to Theorem 2 of Section
5) for plasma with | 2, | < o, although 3f/3W < 0;
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or, as the derivation shows, irrespective of whether
Jf/3W <0 is satisfied identically or not, provided
the properties of the Nyquist diagram that are used
are the same as in the case Of/OW < 0.

As can readily be shown, instability is obtained
in the same way in the case |Q.|> wpe,
| Q;| < wy;, this being due to the ion contribution
to the dispersion relation (cf Section 9). In order
for the instabilities to be physically real, it is neces-
sary that | | < | 2|, among other conditions. There
can be unstable solutions with arbitrarily small ||
if k~D(0)>0. In the special case under con-
sideration it can be shown that £A2~D(0) >0 can
be satisﬁed if, for instance, Ti| =Te1, Ti;=Te,
2w2 >nf a3 0F, and if V2 is not very much smal-
ler than ¥}, where ¥V, is a suitable mean value of
|v,|. A more exact study is made only in the spatial-
ly homogeneous case.

7. The Spatially Homogeneous Case

As stated, the expressions for D(0) and D()
do not depend on ¢. The instabilities thus persist for
¢— 0 (spatially homogeneous case) as pure loss-
cone instabilities. These are not identical, however,
with the high-frequency loss-cone instabilities found

by RosensrLutH and Post 7 because if wy=Im[w] <0,
it holds that
Im[D] =
- b 3o s S 10 (59
0 0
4w,(Kv,)?

[(01+Kv,)2+0,®] [(0;—K v,) 2+ w,?] )

Thus, only for w; = Re[w] =0 does one obtain
Im[D] =0, i.e. unstable solutions. We now show
that, under special conditions at any rate, there are
unstable solutions which satisfy the inequalities
lo|<|Q] and |[K<|v,|>]| <|2]|. For e=0 and
the special case of Section 6 the dispersion relation
is

k*+ K2 =Re[D]w,=0

or
KVL)?
[kl VL ,?

k2+K2~

2 fl)p2 1_ 1
nZV’J_ 2

7 M.N.RosexsLute and R.F. Post, Phys. Fluids 8, 547 [1965].
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with V) =na|Q|/| k|, nie > 1, and |K|V, <|w,],
where V', is a suitable mean value of |v, | which,
however, no longer occurs in the approximate disper-
sion relation. Inserting V| and solving for w,? gives
E____Zojhs

B Q2 wp¥nat Q%) — (1+K%k?)

In the case T,  =T; it holds that ne/ni=Vme/m;,
and for K*<<k2, w, = na|R], it follows that

(1)22 ~

w? S ﬁ(ﬂ)”’ n; Q2.
k2 me
If K is chosen sufficiently small, we have
|wy| <[ 2;]. Because of |K |V, <|w,| it then

holds as well that |K |V, < I.QI

8. Critique of the Stability Criterion of
Rosenbluth and Krall

We have given an example proving that the
Tavror condition 2, fo=f(W, u) with 3f/SW <0, is
not sufficient for stability with respect to the disper-
sion relation of Section 4. This, in turn, proves that
the condition used by Rosexsruth and KraLr! as a
sufficient stability criterion,

(j-E) <cw,Im[D(w, k, K,...)] =0

for —0 L S 4

4

is not a valid criterion in the case under investiga-
tion. The criterion is actually satisfied for distribu-
tion functions fy=f(W, u) with 9f/SW <0 by the
function D given in Section 4. Since, however, ac-
cording to Section 6 instabilities still occur if the
equilibrium is chosen properly the criterion of
RosenBrute and Krari?! is clearly not valid in the
present case.

9. Stable Equilibria

In Section 6 it is demonstrated that there are
unstable equilibria with | Q;| < w,; and with distri-
bution functions of the form fy = f (W,u), 3f/3W <0,
and

Fotv)) = 558 =V 1).

We shall now show that the same distribution func-
tion is stable for | ©Q;|> ;. For this purpose we
again consider

_ v otk
D(oo)“/_alglyl

1 (Yor)
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and show that D(oo)<k® for |k|V) <|Q],
|k|V| ~|2]|, and |k|V | >|Q]. According to
Theorem 2 in Section 5 this is sufficient for stability.
In our proof we make use of the fact that the in-
equality | Q2. | > w,, follows from | Q;| > w,;.

The following relations are satisfied in order of
magnitude:

for |k|V, <|Q];
for |[k|V ~|Q];
j-J,QJ-,for |klV,>|Q].

Substituting the values, we obtain, for the ion and
electron contributions to D () :

D; ¢(0) ~ — “’vie P <0 for |k|V <|Q|;
. &0 wple IkI . wﬁl.e"*g
Dl,E( )§ |-Qx,e|V.L1,e = -Qxl,e
for |k|V | ~|Q];
4 wh. 4 ol.k
Di,e(x)<;V_Li,e<i7;r le,e
for |k|V, > |Q].

Thus, for ‘.Q|>wwp stability does in fact follow,
and this irrespective of the choice of V| . From this
it follows that in the case | 2;|> w,; every super-
position of distribution functions of the form in
question, i.e. every fo=f(W,u) whatsoever with
Jf/dW <0, is also stable with respect to the instabi-
lities under consideration. The condition | 2; | > wy;
is satisfied only in the case of plasma of relatively
low density in a magnetic field; for example, for
B =10* gauss it follows that the plasma density has
to be much less than 5 x 10% cm™3

10. Singular Cases

The statements made in Section 5 are not true in
a few singular cases.

a) Case K=0, eF0, k=0:

The Nyquist diagram becomes singular since part
of the boundary curve coindides with part of the real
D-axis. Since, however, Im[D]=0 for Im[w] <0
there are no unstable solutions.

b) Case K=¢=0, k=F0:

The Nyquist diagram degenerates to a point;
D(w)=D() for Im[w] <0. There is a de-
generate set of unstable solutions with arbitrary
o, Im[w] <0, for k*=ky> = D(c), while for
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k2= k2 no solution exists. These solutions are
probably not physically meaningful since it is to be
expected that no degeneracy occurs in the exact
dispersion relation.

c) For special equilibrium distribution as well,
the Nyquist diagram may degenerate to a point,
D(w)= D(c), namely for

fo=

with

TnIV—J_ Sy —V1) gL (v1) g,(vy)

+ o0
g1 (V]) =1;_.| g, dv,=1;

Jo(lc_(;'l) =0;
and for normalized sums or infinite series os such f, .
The degeneracy is eliminated, however, when the
O-function is approximated by a smooth function,
and so this case has no physical significance.

It is perhaps not superfluous to mention that the
special case studied in Sections 6, 7, 9 do not
represent non-physical limiting cases, although there,
too, the equilibrium distributions are represented
for simplicity by means of J-functions. However,
Jo (EV /Q) and Jy(k V1 /9) are not equal to zero,
and so there are continuous approximations of the
d-function for which the results obtained are correct
in arbitrarily good approximation.

11. Conclusion

The foregoing results may be summarized as fol-
lows:

a) The dispersion relation of RosenBrLura and
KraLL! is correct to first order in the gyroradii and
in ¢ = dIn B/dx within the limits of the other ap-
proximations used.
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b) The stability criterion used by RosenBrLurh
and KraLL!, (j-E) =0 for w real, may cease to
have validity if approximate expressions for the dis-
persion relation are used. In the present case this is
in fact so since a low-frequency approximation is
used with D( ) generally non-vanishing. The sta-
bility criterion in question would be valid for
D(0) <D(o0)Z 0, as may be deduced from the
Nyquist diagram.

¢) The stabilization theorem of RosensLura and
KraLL?! is not valid. Satisfying the Tavror condi-
tion? alone is generally not sufficient for stability
with respect to electrostatic drift instabilities. When
the TayLor condition is satisfied, however, the pre-
sence of a non-monotonic v -distribution is neces-
sary before electrostatic drift instabilities will occur.
With the exception of a few simple special cases
numerical calculations will be needed in order to
decide whether a particular minimum-B equilibrium
is stable with respect to electrostatic drift instabili-
ties.

d) The existence of new types of instabilities is
proven. These are a new type of loss cone instability,
with Re[w] =0, in a homogeneous magnetic field
and loss-cone unstable drift waves in an inhomo-
geneous magnetic field. The proof was carried out
for equilibria satisfying the TavLor condition 2,
fo=f(W,u), 3f/OW <0; it is conceivable, how-
ever, that these instabilities occur in other cases as
well.
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